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1. Introduction

In this paper we study symmetry of the near horizon geometry of the extremal black holes

in N = 2 and 4 supergravities in five dimensions. The corresponding black holes could be

either small or large depending on whether the corresponding classical horizon area is zero

or non-zero, respectively. In the N = 2 case both small and large black holes are 1
2 BPS.

But in the N = 4 case the large black hole is 1
4 BPS whereas the small one is 1

2 BPS.

An interesting feature of these extremal black holes is that in the near horizon limit

they exhibit supersymmetry enhancement [1]. More precisely, at the leading order, in the

near horizon limit large black holes undergo supersymmetry doubling, i.e. the near horizon

of large black holes in both N = 4 and N = 2 preserves eight supercharges. On the other

hand the small black holes in both cases are singular at the leading order and as a result

going near horizon we will not led to supersymmetry doubling, i.e. for N = 2 small black

holes at near core limit there are just four supercharges while for N = 4 case the number

of supercharges are eight. The same goes for large and small black strings.

In this paper we will show that taking into account the R2 corrections the small black

holes will also exhibit supersymmetry doubling.1 That means in N = 4 case the small black

holes preserve all the sixteen supercharges while for the N = 2 theory the near horizon

geometry of small black holes preserve eight supercharges.

1Note however, that although our explicit computations are given for a specific higher order correction [2],

the argument can be extended to any higher order corrections as long as the near horizon geometry remains

AdS2 × S3.
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The main property underlying the supersymmetry enhancement is the appearance

of AdS2 geometry in the near horizon limit due to the extremality. This is the case

both for large and small black holes when the higher order corrections are taken into

account. Actually the main motivation of the present paper is the fact that the higher

order corrections can stretch the horizon of the extremal small black holes leading to the

non-singular AdS2 × Sd−2 near horizon geometry [3].

Having established the supersymmetry enhancement for extremal small black holes, it

may be possible to study the near horizon symmetry which in turn help understanding of

the holographic dual of string theory/gravity on the AdS2 background. The point is that

the AdS2/CFT1 correspondence is not well-understood in contrast to the higher dimen-

sional cases (see for example [4 – 7]). Our study might shed a new light on this subject.

Note also that gravity on AdS2 geometry is important on its own as it carries entropy

unlike the higher dimensional cases. The AdS2 space is a background which naturally

appears in the general near horizon geometry of the extremal black holes, and therefore its

holographic dual could be used to understand the entropy of the black holes better.

The extremal black holes in five dimensional N = 2 supergravity in the presence of

supersymmetrized R2 corrections were studied in [8 – 12] where it was shown that these

corrections stretch the horizon leading to AdS2 ×S3 near horizon geometry. In the present

work we will obtain the symmetry of the near horizon geometry of these black holes. In

particular we will see that this symmetry can distinguish between the small and large black

holes in the N = 2 theory where both have the same number of eight supercharges in the

near horizon limit.

Our main results are that in N = 4 theory the near horizon geometry of small black

holes preserve sixteen supercharges and the corresponding global near horizon symmetry

is OSp(4∗|4) × SU(2). In the N = 2 case the near horizon geometry of the small black

hole preserves eight supercharges with global near horizon symmetry of OSp(4∗|2)×SU(2).

This is to be compared with the symmetry of the near horizon geometry of the large black

holes SU(1, 1|2) × SU(2) [13].

The paper is organized as follows. In section two we will introduce our notation. In

section three we show how the R2 corrections lead to supersymmetry enhancement for

small black holes in N = 2 five dimensional supergravity. In section four we will study

the supersymmetry enhancement for small black holes in N = 4 model where we will also

obtain the near horizon symmetry. In section five, using the global near horizon geometry of

N = 4, we will show how the near horizon symmetry distinguishes between small and large

black holes in N = 2 model. The last section is devoted to discussions and conclusions.

2. N = 2 5D black holes

In this section we will begin with the study of both small and large black holes which are

half BPS and therefore preserve 4 supercharges in N = 2 five dimensional supergravity. We

will then take up the supersymmetry behavior of the solutions in the near horizon limit.

We will do this at the leading order as well as up to R2 corrections. In the leading order

this question has been addressed in [1, 13, 14].
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2.1 Basic setup

We will now briefly review the result of [2] to set our notation. To study N = 2 super-

gravity in five dimensions in the presence of R2 corrections, the authors of [2] apply the

superconformal formalism [15 – 18]. In this approach a five dimensional theory which is

invariant under a larger group, i.e. superconformal group is taken as an initial point and

by imposing a gauge fixing condition the conformal supergravity is reduced to the standard

supergravity model.

The representation of superconformal group includes Weyl, vector and hyper multiples.

The bosonic part of the Weyl multiplet contains the vielbein eaµ, a two-form auxiliary field

vab, and a scalar auxiliary field D. The bosonic part of the vector multiplet contains one-

form gauge fields AI and scalar fieldsXI , where I = 1, · · · , nv labels generators of the gauge

group. The hypermultiplet contains scalar fields Ai
α, where i = 1, 2 is the SU(2) doublet

index and α = 1, · · · , 2n refers to USp(2n) group. Although we choose not to couple the

theory to matter, the hypermultiplet is used to gauge fix the dilatational symmetry which

reduces the action to the standard N = 2 supergravity action.

In this notation at leading order the bosonic part of the action is [2]

I =
1

16πG5

∫

d5xL0, (2.1)

with

L0 = ∂aAr
α∂

aAα
r + (2ν + A2)

D

4
+ (2ν − 3A2)

R

8
+ (6ν −A2)

v2

2
+ 2νIF

I
abv

ab

+
1

4
νIJ(F

I
abF

J ab + 2∂aX
I∂aXJ) +

g−1

24
CIJKǫ

abcdeAIaF
J
bcF

K
de , (2.2)

where A2 = Ar
α abAα ab

r , v2 = vabv
ab and

ν =
1

6
CIJKX

IXJXK , νI =
1

2
CIJKX

JXK , νIJ = CIJKX
K . (2.3)

The supersymmetrized higher order action with four-derivative terms has been ob-

tained in [2] using the superconformal formalism. Of course in what follows the explicit

form of the higher order action is not needed. The only thing that we need is the super-

symmetry variations of the fields.

The supersymmetry variations of the fermions in Weyl, vector and hyper multiplets

(taking only the bosoinc terms) are2

δψiµ = Dµε
i +

1

2
vabγµabε

i − γµη
i,

δχi = Dεi − 2γcγabD̂avbcε
i + γabR̂ab(V )ijε

j − 2γaεiǫabcdev
bcvde + 4γ · vηi,

δΩI i = −1

4
γ · F Iεi − 1

2
γa∂aX

Iεi −XIηi,

δζα = γa∂aAα
i ε
i − γ · vεiAα

i + 3Aα
i η

i, (2.4)

2Here the covariant curvature R̂ij
µν is defined by R̂ij

µν = 2∂[µV
ij

ν] − 2V i
[µ kV

kj

ν] + fermionic terms, where

V ij
µ is a boson in the Weyl multiplet which is in 3 of the SU(2). We note, however, that for the solutions

we are going to consider this term vanishes.
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where garavitino ψiµ and the auxiliary Majorana spinor χi come from the Weyl multiplet,

while the gaugino ΩI i and ζα come from vector and hypermultiplets, respectively. Here

i = 1, 2 is SU(2) doublet index.

The covariant derivatives of spinors are defined by3

Dµ = ∂µ +
1

4
ωabµ γab, (2.5)

where ωabµ are the spin connection one forms related to the vielbein through the Cartan

equation

dea + ωab ∧ eb = 0. (2.6)

To fix the gauge it is convenient to set A2 = −2. In this gauge using the last equation

of (2.4) one can express ηi in terms of εi. Plugging this into the other supersymmetry

variations one gets

δψiµ = Dµε
i +

1

2
vabγµabε

i − 1

3
γµγ

abvabε
i,

δχi = Dεi − 2γcγabD̂avbcε
i − 2γaεiǫabcdev

bcvde +
4

3
(γabvab)

2εi,

δΩI i = −1

4
γ · F Iεi − 1

2
γa∂aX

Iεi − 1

3
XIγabvabε

i, (2.7)

2.2 Black hole solutions

The N = 2 five dimensional supergravity model considered here is known to have several

black hole/string solutions. Here we will only consider the black hole solutions. The black

holes could be either large or small depending on whether at leading order they have non-

vanishing or vanishing horizon. In what follows, for simplicity, we will consider a model

with three vector multiplets (STU model), though the results can be generalized to any

other models.

2.2.1 Leading order

At leading order in the gauge of A2 = −2 one can integrate out the auxiliary fields D and v

by making use of their equations of motion. From the equations of motion of the auxiliary

fields one finds

ν =
1

6
CIJKX

IXJXK = 1, vab = −3

4
XIF

I
ab, (2.8)

where XI = 1
6CIJKX

IXJXK . Therefore the leading order action reads

L0 = R− 1

2
GIJF

I
abF

Jab − Gij∂aφi∂aφj +
g−1

24
ǫabcdeCIJKF

I
abF

J
cdA

K
e . (2.9)

The parameters in the action (2.9) are defined by

GIJ = −1

2
∂I∂J log ν|ν=1 , Gij = GIJ ∂iX

I∂jX
J |ν=1 , (2.10)

3In this notation γa1a2···an = 1
n!

γ[a1γa2 · · · γan].
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where ∂i refers to a partial derivative with respect to the scalar fields φi. In fact doing

this, we recover the very special geometry underlying the theory in the leading order.

The black hole solution of the above action has the following form4 [1, 14]

ds2 = e−4Udt2 − e2U (dr2 + r2dΩ2
3), e2UXI =

1

3
HI ,

F Itr = −∂r(e−2UXI), e6U = H1H2H3, (2.11)

where HI = hI + qI
r2

.

Using the supersymmetry variation one can see that the above solution preserves four

supercharges constrained by [1, 14]

γ t̂εi = −εi. (2.12)

Now the aim is to study the supersymmetry properties of the near horizon limit of the

black hole solution (2.11). To do this we recognize two different cases. The first case is when

qI 6= 0 for all I where we get a large black hole with non-vanishing horizon and therefore

non-zero macroscopic entropy is given by SBH = 2π
√
q1q2q3. One may also consider the

case where one of the charges is zero, say q1 = 0. This corresponds to a small black hole

with vanishing horizon and macroscopic entropy to this order.

For the large black hole the near horizon geometry is given by

ds2 = l2
[(

ρ2dt2 − dρ2

ρ2

)

− 4dΩ2
3

]

, (2.13)

where l = (q1q2q3)
1/6/2 and r2 = (q1q2q2)

1/2ρ/2.

Using the supersymmetry variation expressions at leading order it was shown in [1, 14]

that the above near horizon solution preserves all the eight supercharges. Thus super-

symmetry enhancement occurs in the near horizon limit of five dimensional large black

holes.

For the small black hole where q1 = 0 the near horizon geometry can be recast in the

following form

ds2 = l2
[(

ρ4dt2 − dρ2

ρ

)

− 16

9
ρdΩ2

3

]

. (2.14)

This solution is singular and unlike the large black hole preserves only four supercharges,

which can easily be verified using the above near horizon geometry and the supersymmetry

variations (2.7). The simplest way to find the number of supercharges is to note that the

near horizon geometry of the small black hole at leading order is indeed a specific example

of the general solution (2.11) which preserves four supercharges. Therefore taking near

horizon geometry of the small black hole does not lead to supersymmetry enhancement.

As we shall see the higher order corrections will change the situation.

4For simplicity we will consider STU = 1 model, though the procedure is the same for other cases.

– 5 –



J
H
E
P
0
3
(
2
0
0
8
)
0
7
4

2.2.2 R2 corrections

Four derivative corrections to the 5D N = 2 supergravity have been obtained in [2] and

the resultant corrected black hole and black string solutions have been extensively studied

recently in [8 – 11] where the corresponding corrections to their entropy have also been

obtained.

The results of these papers are mainly based on the near horizon information and

the assumption that the near horizon geometry is either AdS2 × S3 or AdS3 × S2. Of

course ultimately one would like to construct a supergravity solution in the presence of

R2 terms which interpolates between asymptotic flat and these near horizon geometries.

Having found the corrected near horizon geometry does not necessarily mean that there is

a solution with the above near horizon geometry. However, an explicit solution, based on

numerical computations, has been presented in [9].

An important feature of adding higher order corrections is that these terms resolve

the singularity of the small black hole and black string solutions, leading to AdS2 and

AdS3 near horizon geometry, respectively. In view of the supersymmetry enhancement for

the large black hole of the previous section, it would be natural to ask whether taking

into account the R2 corrections would lead to supersymmetry enhancement for small black

holes too.

The corrected near horizon geometry of the small black hole is given by [9, 10]

ds2 = l2
[(

r2dt2 − dr2

r2

)

− 4dΩ2
3

]

, vt̂r̂ =
3

4
l. (2.15)

where l = 1
6

√

c
8q2q3. The scalars in the vector multiplet are constant and in what follows

we do not need their explicit form. dΩ2
3 is the round metric on a three-sphere of unit radius

and can be written in Hopf coordinates

dΩ2
3 = dθ2 + sin2 θ dφ2 + cos2 θ dψ2. (2.16)

The components of vielbein are

et̂ = lrdt, er̂ =
l

r
dr, eθ̂ = 2ldθ eφ̂ = 2l sin θdφ eψ̂ = 2l cos θdψ. (2.17)

The components of the inverse vierbein are given by

et̂t =
1

lr
er̂r = −r

l
eθ̂θ = − 1

2l
eφ̂φ = − 1

2l sin θ
eψ̂ψ = − 1

2l cos θ
. (2.18)

Since in the present case all components of vierbein are diagonal the expressions for com-

ponents of spin connection reduce to

(ωµ)
µ̂ν̂ = −(ωµ)

ν̂µ̂ = eν̂ν∂νe
µ̂
µ (2.19)

Substituting (2.17) and (2.18) in (2.19) we see only non-zero components of spin connection

are

(ωt)
t̂r̂ = −r, (ωφ)

φ̂θ̂ = − cos θ, (ωψ)ψ̂θ̂ = sin θ, (2.20)

– 6 –
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and the ones obtained by permuting the hatted indices. All other components of spin

connection vanish.

Using the near horizon solution (2.15) the gravitino variation in (2.7) reads

δψiµ =

(

∂µ +
1

4
(ωµ)

abγab + vr̂t̂γ
r̂t̂

µ − 2

3
vr̂t̂γµγ

r̂t̂

)

εi, (2.21)

and setting the variations of components of gravitino equal to zero leads to the following

set of equations:
(

∂t −
r

2
γ r̂(γ t̂ + 1)

)

εi = 0, (2.22)
(

∂r +
1

2r
γ t̂
)

εi = 0, (2.23)

(

∂θ +
1

2
γθ̂r̂t̂

)

εi = 0, (2.24)

(

∂φ −
1

2
cos θγφ̂θ̂ +

1

2
sin θγφ̂r̂t̂

)

εi = 0, (2.25)

(

∂ψ +
1

2
sin θγψ̂θ̂ +

1

2
cos θγψ̂r̂t̂

)

εi = 0. (2.26)

It is then easy to show that the following solves all the above equations5

εi =

√

r

l
Ω εi0, λi =

l

2

(

t− γ r̂

r

)

εi, with Ω = e
1
2
γ t̂r̂θ̂θ e−

1
2
γθ̂φ̂φ e

1
2
γ t̂r̂ψ̂ψ (2.27)

where εi0 is a constant spinor such that γ t̂εi0 = −εi0. Moreover two different chiralities are

related by γ r̂, i.e. εi− = γ r̂εi+. Since the five dimensional theory is non-chiral, one may

choose γ t̂r̂θ̂φ̂ψ̂ = 1, therefore the angular dependence of the spinors may be simplified as

follows

Ω =

√

r

l
e

1
2
γψ̂φ̂θ e−

1
2
γθ̂φ̂(ψ+φ). (2.28)

In conclusion we note that altogether there are eight supercharges in the near horizon limit

for the small black hole when R2 correction is taken into account, where the solution is

non-singular with AdS2 × S3 near horizon geometry.

We note also that these Killing spinors are exactly the same as that found [14, 13]

where the authors found the same Killing spinors for near horizon geometry of large black

holes at leading order. Here, however, we have seen that when R2 corrections are taken

into account, the same result can also be applied to small black holes whose near horizon

geometry is AdS2 × S3 in the presence of R2 corrections.

This might be understood as follows. The only parameter which appears in the ex-

pressions of the supersymmetry variation is the value of the central charge evaluated at

near horizon. This is also the parameter which fixes the radii of AdS and sphere factors.

Therefore one may always rescale the coordinates such that central charge can be dropped

5We note that there are two other equations coming from the variation of ΩI i and χ. Nevertheless it

can be shown that these to equations do not impose any further constraint on the Killing spinors.
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from the supersymmetry variations. On the other hand, when taking into account the

higher order corrections (R2 correction in our case) with the assumption of AdS2 × S3

near horizon geometry, the corrections will only change the radii of the AdS and sphere

factors. As a result we would not expect to get any corrections to the supersymmetry

variation at the near horizon limit. The only new feature is that for small black holes we

get supersymmetry enhancement since higher order corrections stretch the horizon leading

to AdS2 × S3 near horizon geometry.

In the following section we will use the N = 2 supercharges to study supersymmetry

enhancement of small black holes in N = 4 five dimensional supergravity.

3. N = 4 5D black hole

In the previous section we have shown that the small black hole in N = 2 supergravity in

five dimensions exhibits supersymmetry enhancement in the near horizon limit when the

higher order corrections are added. It is in contrast with what we have in leading order

where it is known that only the large black hole exhibits supersymmetry enhancement

while the small one is singular without any supersymmetry doubling [1, 13, 14].

In this section we would like to extend our study to small black holes in 5D N = 4

supergravity. These solutions are 1
2 BPS preserving eight supercharges and are singular

at the tree level. Therefore taking the near horizon limit we would not expect to see

supersymmetry doubling and the near horizon geometry still preserves eight supercharges.

In this section by making use of the fact that the higher order corrections will stretch the

horizon in such a way as to make the near horizon geometry AdS2×S3, the supersymmetry

enhancement emerges again.

Of course to make the issue precise one first needs to show that there is a small black

hole solution in N = 4 supergravity in five dimensions in the presence of higher order

corrections. In other words although the near horizon information is useful, it is not

enough to prove whether or not there is a solution interpolating between the near horizon

geometry and asymptotically flat space times and a priori it is not obvious whether the

solution exists. So far, such a solution has not been found. Nevertheless there is an indirect

evidence for the existence of such a solution.

An indication of the existence of a small black hole solution in the N = 4 case in

the presence of higher order corrections would be if the five dimensional small black hole

solution of the N = 2 obtained in [9] could indeed be embedded in the N = 4 theory. The

procedure is similar to the case for small black string studied in [19]. The reason that the

embedding is possible is the fact that if we regard the 5D small black hole solution to be

the result of the reduction to 10 dimensional supergravity, because of the particular form of

the charges and fields, the reduced background will not break the Sp(4) R-symmetry of the

N = 4 model. Therefore the supersymmetry variation expressions are exactly the same as

those in the previous section for N = 2 case. As a result the supersymmetry enhancement

works as in the N = 2 case studied in the previous section. The only difference is that the

index of the spinors εi, i = 1, 2 of the N = 2 model will now run from 1 to 4, i = 1, 2, 3, 4

– 8 –
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for N = 4 case. In other words for the former case the spinors are in the 2 of Sp(2) while

for latter case it is the 4 of Sp(4).

Therefore in the near horizon geometry of the small black hole of the N = 4 model

where the geometry is AdS2 × S3, we get sixteen supercharges corresponding to

εi =

√

r

l
Ω εi0, λi =

l

2

(

t− γ r̂

r

)

εi, with Ω =

√

r

l
e

1
2
γψ̂φ̂θ e−

1
2
γθ̂φ̂(ψ+φ), (3.1)

for i = 1, 2, 3, 4.

3.1 Near horizon superalgebra

In this subsection we would like to construct the near horizon superalgebra for the N = 4

five dimensional small black holes. As we have argued taking into account the higher order

corrections will remove the singularity of the small black hole leading to AdS2 × S3 near

horizon geometry where we get supersymmetry enhancement. Since we have a factor of

AdS2 one would expect to get a factor of SO(2, 1) in the near horizon superalgebra. In our

notation the corresponding isometry is generated by

L1 =
2

l
∂t , L0 = t∂t − r∂r , L−1 =

l

2
(r−2 + t2)∂t − lrt∂r , (3.2)

satisfying [Lm, Ln] = (m− n)Lm+n, for m,n = ±1, 0.

In order to find the near horizon superalgebra, one first needs to see how the AdS

isometry acts on the supercharges. Using the explicit representation of the generators one

finds

L0λ
i =

1

2
λi, L0ε

i = −1

2
εi, L1λ

i = εi, L−1ε
i = −λi. (3.3)

Here the action of generators is defined by the Lie derivative

LKεi =

(

KµDµ +
1

4
∂µKνγ

µν

)

εi. (3.4)

Therefore one may consider a correspondence between λi and εi and the G− 1
2

and G 1
2

modes of supercurrent G, respectively. So that

[Lm, Gr] =

(

m

2
− r

)

Gm+r. (3.5)

The next step is to do the same for S3 part. In other words we will be looking for the

action of SO(4) generators on the spinors. To study the action of the generators we use

the fact that locally SO(4) ≈ SU(2) × SU(2). In our notation the generators of the two

SU(2)’s are

J3 = − i

2
(∂φ + ∂ψ), J± =

1

2
e±i(ψ+φ)(−i∂θ ± cot θ ∂φ ∓ tan θ ∂ψ), (3.6)

K3 = − i

2
(∂φ − ∂ψ), K± =

1

2
e∓i(ψ−φ)(−i∂θ ± cot θ ∂φ ± tan θ ∂ψ).

– 9 –
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On the other hand since γ t̂ and γθ̂φ̂ commute, we can always choose εi0 such that

γθ̂φ̂εi0 = ±iεi0, γ t̂r̂ψ̂εi0 = ∓iεi0. (3.7)

With this definition we have

J3εi = ∓1

2
εi, J3λi = ∓1

2
λi, K3εi = 0, K3λi = 0. (3.8)

Therefore the Killing spinor εi and λi are in the 2 representation of the first SU(2) group

generated by J and are neutral under the second SU(2) group generated by K.

Let us start with a constant spinor ε0 such that γθ̂φ̂ε0 = −iε0. Then we can define

ξ+ =

√

r

l
e
θ
2
γψ̂φ̂e

i
2
(ψ+φ)ε0, ξ− =

√

r

l
e
θ
2
γψ̂φ̂e−

i
2
(ψ+φ)γψ̂θ̂ε0, (3.9)

and normalize to ε†0ε0 = 1. It is easy to verify that

J3ξ± = ±ξ±, J±ξ± = 0, J±ξ∓ = ξ±, (3.10)

and therefore ξ is in the 2 of the first SU(2) group. Using this notation one may express

the Killing spinors, εI , corresponding to the supercharges as follows [19]

ε1 =











ξ+
iξ−
0

0











, ε2 =











−iξ+
−ξ−

0

0











, ε3 =











ξ−
−iξ+

0

0











, ε4 =











iξ−
−ξ+

0

0











, (3.11)

ε5 =











0

0

ξ+
iξ−











, ε6 =











0

0

−iξ+
−ξ−











, ε7 =











0

0

ξ−
−iξ+











, ε8 =











0

0

iξ−
−ξ+











,

which correspond to GI1
2

, I = 1, · · · , 8. Similarly GI
− 1

2

corresponds to λI given by

λI =
l

2

(

t− γ r̂

r

)

εI , for I = 1, · · · , 8. (3.12)

Here each λI or εI transforms as the 4 of Sp(4).

To complete the near horizon superalgebra we need to compute the anticommutators of

supercharges. To do this we use the supersymmetry transformations of the five dimensional

supergravity given by [2]

{GIr , GJs } = lΩij

[

(ε̄Ir)
iγµ(εJs )j + (ε̄Js )iγµ(εIr)

j
]

∂µ

+
[

(ε̄Ir)iγ
r̂t̂(εJs )j + (ε̄Js )iγ

r̂t̂(εIr)
j
]

, (3.13)

where Ωij is a symplectic matrix which raises and lowers indices as εi = Ωijε
j . We choose

a basis in which Ω12 = Ω34 = 1. Plugging the supercharges (3.11) and (3.12) into (3.13)

we get the anticommutators of the supercharges, e.g.,

{GI
± 1

2

, GJ
± 1

2

} = 2δIJL±1, (3.14)
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and

{GI1
2
, GJ

− 1
2
} =











2L0 2iJ3 + iA3 2iJ2 + iA1 −2iJ1 + iA2

−2iJ3 − iA3 2L0 −2iJ1 − iA2 −2iJ2 + iA1

−2iJ2 − iA1 2iJ2 + iA1 2L0 −2iJ3 − iA3

2iJ1 − iA2 2iJ2 − iA1 2iJ3 + iA3 2L0











. (3.15)

for I, J = 1, 2, 3, 4. We have computed the other anticommutator relations and we can

summarize the entire superalgebra as follows

{GIr , GJs } = 2δIJLr+s + (r − s)(Ma)
IJJa + (r − s)(NA)IJTA,

[Lm, G
I
r ] =

(

m

2
− r

)

GIm+r, [Lm, Ln] = (m− n)Lm+n

[TA, GIr ] = (NA)IJGJr , [Ja, GIr ] = (Ma)IJGJr , (3.16)

where TA are the generators of Sp(4) parameterized by TA = {Aα, Bα, Cα, C0}

Aα =

(

σα 0

0 0

)

, Bα =

(

0 0

0 σα

)

, Cα =

(

0 δα

δα† 0

)

, C0 =

(

0 i
2

−i
2 0

)

. (3.17)

Here δα = 1
2(σ1, iσ2, σ3) with σα being the Pauli matrices. Ma and NA are the represen-

tation matrices for SU(2) and Sp(4), respectively.

This is, indeed, the commutation relations of the supergroup OSp(4∗|4) which also

appeared for the near horizon of N = 4 five dimensional small black string [19]. We note,

however, that in our case we have another SU(2) coming from the SO(4) isometry of the

S3 factor. Of course the generators of this SU(2) commute with all the other generators.

So the algebra is

OSp(4∗|4) × SU(2). (3.18)

We note that the bosonic part of the global supergroupOSp(4∗|4)×SU(2) is SL(2)×SU(2)×
SU(2)×Sp(4) while the isometry of the near horizon geometry is SL(2)×SO(4). Therefore

there is an extra Sp(4) symmetry which can not be geometrically realized. Following [19]

we may identify this symmetry with R-symmetry of N = 4 supergravity in five dimensions.

4. N = 2 revisited; from N = 4 to N = 2

As we have seen the supersymmetry enhancement depends crucially on the geometry of

the near horizon limit. The appearance of AdS2 factor is essential in getting supersym-

metry doubling. Nevertheless we note that the whole background will be fixed not only

by the metric but also by other fields, such as gauge field, scalar fields, and so on. So one

might expect that the actual number of supercharges present in the near horizon geometry

depends on the other fields too.

This being the case in general, in the N = 2 case the way supersymmetry enhancement

appeared in the previous sections, with the higher order corrections, seems to be special and

blind to the other fields. Therefore a priori it is not obvious how the other fields affect the
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Object Bosonic Symmetry supercharges Supergroup

L-black string SL(2) × SU(2) 8 SU(1, 1|2)
L-black bole SL(2) × SO(4) 8 SU(1, 1|2) × SU(2)

S-black string SL(2) × SU(2) × Sp(4) 16 OSp(4∗|4)
S-black hole SL(2) × SO(4) × Sp(4) 16 OSp(4∗|4) × SU(2)

Table 1: Global supergroup of near horizon geometry of small (S) and large (L) black holes and

strings in the N = 4 five dimensional supergravity.

supersymmetry. In particular it is not clear how the supersymmetry distinguishes between

the large and the small black holes or black strings in N = 2 theory considering that in

both cases eight supercharges are preserved in the presence of higher order corrections.

Note however, that this question does not arise for N = 4 case, as the large black

holes/strings are 1
4 BPS while the small ones are 1

2 BPS. Thus taking the near horizon

limit they lead to AdS geometries with different number of supercharges; eight and sixteen

supercharges, respectively. The situation with the supergroups of the N = 4 theory are

summarized in the table (1). For N = 2 model the situation is quite different. As we already

mentioned the problem appears because both the small and large black holes (strings) are
1
2 BPS and in the near horizon, when higher order corrections are taken into account,

preserve the same number of eight supercharges. Of course in leading order there is a big

difference between these two cases and in fact only the large black holes (strings) would

exhibit supersymmetry doubling while for small ones the geometry is singular and at near

horizon we will still have four supercharges. We would like to pose the question of how to

distinguish between the small and large black holes for the higher order corrected action.

To answer to this question we will resort to the N = 4 model studied in the last section (or

the one considered in [19]) by a process of reduction of the number of supersymmetries.

To get the N = 2 model from the N = 4 theory one may follow two different routes:6

Starting from a small black hole (string) solution in N = 4 theory, we can either add some

matter fields or we can simply truncate some supercharges, ending up with a solution in

N = 2 theory. Depending on which route we choose we get either a large or a small black

hole (string). Of course since we do not have an explicit solution for small black holes

(strings) in the presence of R2 corrections (see however [9]) in general it is difficult to do

this reduction explicitly. Nevertheless one may proceed for the near horizon geometry. To

be specific consider the small black string in N = 4 theory and try to find the near horizon

superalgebra when the reduction to the N = 2 case is carried out.

The small black string in five dimensions from the Heterotic string theory point of

view, corresponds to a fundamental string living on R1,4 × T 5. Adding matter fields from

string theory point of view corresponds to turning on some other charges. In particular

we can add a set of NS5-branes wrapped on the T 4, with its fifth direction along the

fundamental string. In this case the background in the near horizon geometry preserves

just eight supercharges and indeed this will turn out to be a large black string with near

6We would like to thank Joshua M. Lapan for discussions on this point.
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horizon supergroup SU(1, 1|2) as in table (1). Now truncating the solution to N = 2

supergravity we will end up with near horizon geometry of large black strings in the N = 2

theory. The near horizon global symmetry will still remain the same, i.e. SU(1, 1|2). Note

that the near horizon supergroup can be directly obtained from N = 2 theory too using

the method we used in the previous section. (see for example [13]).

On the other hand, one could start from a small black string in N = 4 theory and just

throw away half of the supercharges. Actually this is the reverse procedure we used to get

our N = 4 solution from N = 2 solution. Doing so we end up with a small black string in

N = 2 theory. It will preserve eight supercharges corresponding to

ε1 =

(

ξ+
iξ−

)

, ε2 =

(

−iξ+
−ξ−

)

, ε3 =

(

ξ−
−iξ+

)

, ε4 =

(

iξ−
−ξ+

)

, (4.1)

and

λI =
l

2

(

t− γ r̂

r

)

εI , for I = 1, 2, 3, 4. (4.2)

In this case the Sp(4) R-symmetry will break to Sp(2) and it is easy to show that the

bosonic part of the symmetry will be SL(2) × SU(2) × Sp(2). Searching in the literature

(for example see [20]) we find that there is, indeed, a supergroup with this bosonic part and

supporting eight supercharges which is D(2, 1;α).7 The parameter 0 < α ≤ 1 is a relative

weight of SU(2) and Sp(2). Clearly this parameter is not determined by a knowledge of

the bosonic symmetry. Nevertheless using the direct computations as carried out in the

previous section we will be able to find α. The procedure is the same for small black holes.

In particular, using our notations in the previous section and also the spinors (4.1), the

global algebra is as follows

{GIr , GJs } = 2δIJLr+s + (r − s)(Ma)
IJJa + (r − s)(NA)IJTA,

[Lm, G
I
r ] =

(

m

2
− r

)

GIm+r, [Lm, Ln] = (m− n)Lm+n

[TA, GIr ] = (NA)IJGJr , [Ja, GIr ] = (Ma)IJGJr . (4.3)

Here TA are the generators of Sp(2) given by the Pauli matrices and NA is representation

matrix for Sp(2). This is, indeed, the commutation relations of Osp(4∗|2) = D(2, 1; 1), i.e.

α = 1. With an extra SU(2) coming from SO(4) generated by J we get Osp(4∗|2)× SU(2)

as the global near horizon supergroup of the small black hole in N = 2 supergravity in five

dimensions. While for large black hole in this model the global near horizon superalgebra

is SU(1, 1|2) × SU(2). Therefore as we see the near horizon supergroup of small and large

black strings/holes in N = 2 does distinguish between being small or large. The final

results are summarized in table (2). We observe that as in the N = 4 case the small black

hole has an extra factor of Sp(2) symmetry which cannot be geometrically realized from

our near horizon geometry. Nevertheless, following [19] we would like to identify this extra

symmetry with the R-symmetry of N = 2 supergravity in five dimensions.

7We would like to thank A. Giveon for a comment on this point.
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Object Bosonic Symmetry supercharges Supergroup

L-black string SL(2) × SU(2) 8 SU(1, 1|2)
L-black bole SL(2) × SO(4) 8 SU(1, 1|2) × SU(2)

S-black string SL(2) × SU(2) × Sp(2) 8 OSp(4∗|2)
S-black hole SL(2) × SO(4) × Sp(2) 8 OSp(4∗|2) × SU(2)

Table 2: Global supergroup of near horizon geometry of small (S) and large (L) black holes and

black string in N = 2 five dimensional supergravity.

5. Conclusions

In this paper we have shown that the supersymmetry enhancement can also occur for small

black holes in N = 2 and N = 4 five dimensional supergravity. For large black holes this

effect has known for about a decade [1]. What makes the large black holes easier to handle

is that at leading order the large black hole has near horizon geometry of the form AdS2×S3

while the small black hole is singular. But with inclusion of higher order corrections in

the action both large and small black hole solutions become smooth with AdS2 × S3 near

horizon geometry. It is then possible in both cases to show supersymmetry enhancement

to eight supercharges.

However We have argued that the corresponding global near horizon supergroups are

different; for the large black hole it is SU(1, 1|2)× SU(2) [13] while for the small black hole

it turns out to be OSp(4∗|2) × SU(2).

An immediate puzzle we face is that in the small black hole, unlike the large one, there

is no one to one correspondence between the isometry of the near horizon geometry and

the bosonic part of the supergroup. In particular there is an extra Sp(2) factor in the

corresponding supergroup. Nevertheless following [19] we note that there is a novel way

to interpret this extra symmetry: It can be interpreted as the R-symmetry of N = 2 five

dimensional supergravity. If this interpretation is correct it is not clear to us why for the

large black holes this factor is absent.

Another comment we would like to make is that whenever we have AdS2 or AdS3 factor

the superisometry must have an affine extension containing a Virasoro algebra [21, 4].

Therefore the supergroup we have obtained for small black hole, OSp(4∗|2) × SU(2), is

expected to be the zero mode algebra of a corresponding unknown affine algebra.

The above conclusions can also be made for small and large black strings in N = 2

five dimensional supergravity. The corresponding near horizon supergroup is OSp(4∗|2) for

small and SU(1, 1|2) for large black strings. Since the near horizon supergroup for small

and large black strings are different, it would be interesting to understand how this will

affect the properties of the corresponding 2D conformal field theory holographically dual

to these backgrounds. Small black string of N = 4 supergravity in five dimensions and its

holographic dual have recently been studied in [19, 22 – 24] (see also [25, 26]).

For the N = 4 theory we have shown that the near horizon geometry of small black

holes preserves sixteen supercharges. Moreover by making use of the Killing spinor analysis

we have shown that the global near horizon supergroup is OSp(4∗|4)×SU(2). Again in this
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case we have an extra Sp(4) factor which cannot be realized geometrically as the part of

the isometry of the near horizon geometry. But, it may be interpreted as the R-symmetry

of N = 4 five dimensional supergravity. There is no confusion however between large and

small black holes in this case as they preserve different number of supercharges.

The next step would be to look for an affine extension of the supergroup. As mentioned

in [19] there are no linear superconformal algebras with more than eight supercharges.

Nevertheless if we relax the linearity condition for the algebra there is non-linear affine

algebra ̂OSp(4∗|4) which contains the OSp(4∗|4) in the large central charge limit . We

note, however, that even though this affine algebra contains the part we are interested in

( in a specific limit), it is not clear if it is physically acceptable, e.g., as also noted in [24]

this algebra does not have any unitary representations. Moreover it is not clear how to

incorporate the extra Sp(4) factor in the affine structure.
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